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In a previous paper [same journal 292 (1985), no. 2, 557–572; MR0808737] the author
extended some well-known functional analytic results to set-valued operators and used
techniques from the general theory of multifunctions to obtain a new result about
weak compactness in the Lebesgue-Bochner space L1(X). In the paper under review
he continues this work and establishes a new weak compactness result for L1(X) that
complements earlier results of J. K. Brooks and N. Dinculeanu [Adv. in Math. 24 (1977),
no. 2, 172–188; MR0438121].
Measurable multifunctions and multimeasures with nonempty values in a Banach
space X are studied. The first theorem of the paper, the proof of which is based on the
theory of multimeasures, is a variation of the Dunford compactness theorem; X need not
have the R.N.P. The next section is devoted to three Dunford-Pettis type compactness
theorems for sequences of integrably bounded multifunctions taking values among the
nonempty weakly compact convex subsets of a separable X. Next, some pointwise w-
compactness theorems are obtained for certain classes of measurable multifunctions.
In each of these cases (Ω,Σ, µ) is a positive, finite measure space and X is either
weakly sequentially complete or separable. One such theorem states that if (Ω,Σ, µ)
is in addition complete, X and X∗ separable, K ⊂ L1(X) decomposable, w-compact,
convex and all vector measures m: Σ→ X such that m(A) ∈ K(A) = {∫
A
f(ω) dµ(ω):
f ∈K} for all A ∈ Σ admit an R.N.-derivative in L1(X), then there exists an integrably
bounded point-w-compact convex multifunction on Ω into X such that K equals the set
of integrable selectors of F .
In the next section the author proves a new representation theorem for additive,
weakly continuous set-valued operators defined on L1(X). The last section is devoted
to a detailed study of the properties of transition multimeasures, analogous to the one
for simple multimeasures in another paper by the author [J. Multivariate Anal. 17
(1985), no. 2, 207–227; MR0808277]. The author establishes a Radon-Nikody´m theorem
for transition multimeasures, generalizes some of the results of J. R. McKinney [Duke
Math. J. 40 (1973), 915–923; MR0326362] and shows that integration with respect to a
transition multimeasure generates a new transition multimeasure.
The results and techniques developed in this paper, especially the results on transition
multimeasures, should have useful applications in mathematical economics, the calculus
of variations and relaxed control systems. P. Maritz
References
1. J. Bourgain, An averaging result for l1-sequences and applications to weakly condi-
tionally compact sets in L1(X), Israel J. Math. 32 (1979), 289-299. MR0571083
2. J. Brooks and N. Dinculeanu, Weak compactness in spaces of Bochner integrable
functions and applications, Adv. in Math. 24 (1977), 172-188. MR0438121
3. C. Castaing and M. Valadier, Convex analysis and measurable multifunctions,
Lecture Notes in Math., vol. 580, Springer-Verlag, Berlin and New York, 1977.
MR0467310
4. L. Cesari, Convexity of the range of certain integrals, SIAM J. Control 13 (1975),
666-676. MR0380595
5. A. Coste´, La proprie´te´ de Radon-Nikodym en inte´gration multivoque, C. R. Acad.
Sci. Paris 280 (1975), 1515-1518. MR0374371
6. A. Coste´, Sur les multimesures a valeurs ferme´es borne´es s’un espace de Banach, C.
R. Acad. Sci. Paris 280 (1975), 567-570. MR0369652
7. A. Coste´ and R. Pallu de la Barrie`re, Radon-Nikodym theorems for set valued
measures whose values are convex and closed, Ann. Soc. Math. Polon. Series I:
Comm. Math. 20 (1978), 283-309. MR0519365
8. C. Dellacherie and A. Meyer, Probabilities and potential, Math. Studies, vol. 29,
North-Holland, Amsterdam, 1978.
9. J. Diestel and J. Uhl, Vector measures, Math. Surveys, vol. 15, Amer. Math. Soc.,
Providence, R.I., 1977. MR0453964
10. L. Drewnowski and W. Orlicz, Continuity and representation of orthogonally additive
functionals, Bull. Acad. Polon. Sci. Math. 17 (1969), 647-653. MR0256147
11. J. Dugundji, Topology, Allyn and Bacon, Boston, Mass., 1966. MR0193606
12. N. Dunford and J. Schwartz, Linear operators, Wiley, New York, 1958.
13. N. A. Friedman and M. Katz, Additive functionals on Lp-spaces, Canad. J. Math.
18 (1966), 1264-1271. MR0206692
14. C. Godet-Thobie, Some results about multimeasures and their selectors, Measure
Theory at Oberwolfach 1979 (Kolzow, ed.), Lecture Notes in Math., vol. 794,
Springer-Verlag, Berlin, 1977, pp. 112-116. MR0577965
15. C. Godet-Thobie, The´ore`mes de Radon-Nikody´m multivoque et inte´gration par rap-
port a` certaines multi-mesures, Se´minaire d’Analyse Convexe, Expose´ no. 11, Mont-
pellier, 1974.
16. F. Hiai, Radon-Nikodym theorems for set valued measures, J. Multivariate Anal. 8
(1978), 96-118. MR0583862
17. F. Hiai, Representation of additive functionals on vector valued normed Ko¨the spaces,
Kodai Math. J. 2 (1979), pp. 303-313. MR0553237
18. F. Hiai and H. Umegaki, Integrals, conditional expectations and martingales of
multivalued functions, J. Multivariate Anal. 7 (1977), 149-182. MR0507504
19. W. Hildenbrand, Core and equilibria of a large economy, Princeton Univ. Press,
Princeton, N. J., 1974. MR0389160
20. J. Hoffman-Jørgensen, The theory of analytic spaces, Publ. no. 10, Aarhus Univ.,
1970. MR0409748
21. A. Ionescu-Tulcea and C. Ionescu-Tulcea, Topics in the theory of lifting, Springer-
Verlag, Berlin, 1969. MR0276438
22. M. A. Khan and N. S. Papageorgiou, Cournot-Nash equilibria for generalized qual-
itative games with a continuum of players, Nonlinear Anal. T.M.A. (to appear). cf.
MR0893778
23. M. A. Khan and N. S. Papageorgiou, Cournot-Nash equilibria in generalized quali-
tative games with an atomless measure space of agents, Proc. Amer. Math. Soc. 100
(1987), 505-510. MR0891154
24. H. A. Klei, Sous-ensembles de L1(E) sans suite-l1, C. R. Acad. Sci. Paris 295 (1982),
79-80. MR0676367
25. E. Klein and A. Thompson, Theory of correspondences, Wiley, New York, 1985.
MR0752692
26. P.-J. Laurent, Approximation and optimisation, Hermann, Paris, 1972. MR0467080
27. J. McKinney, Kernels of measures on completely regular spaces, Duke Math. J. 40
(1973), 915-923. MR0326362
28. U. Mosco, On the continuity of the Young-Fenchel transform, J. Math. Anal. Appl.
35 (1971), 518-535. MR0283586
29. M. F. Nougue`s-Saint-Beuve, Proprie´te´s de mesurabilite´ dans les espaces de mesures,
Se´minaire d’Analyse Convexe, Expose´ no. 5, Montpellier, 1982. MR0683556
30. R. Pallu de la Barrie`re, Introduction a l’etude des multimesures, Seminaire
d’Initiation a l’Analyse (G. Choquet et. al., eds.), 19e anne´e, no. 7, 1979/80.
31. N. S. Papageorgiou, Representation of set valued operators, Trans. Amer. Math. Soc.
292 (1985), 557-572. MR0808737
32. N. S. Papageorgiou, On the theory of Banach space valued multifunctions. Part 1:
Integration and conditional expectation, J. Multivariate Anal. 17 (1985), 185-206.
MR0808276
33. N. S. Papageorgiou, On the theory of Banach space valued multifunctions. Part 2:
Set valued martingales and set valued measures, J. Multivariate Anal. 71 (1985),
207-227. MR0808277
34. N. S. Papageorgiou, On the efficiency and optimality of random allocations, J. Math.
Anal. Appl. 105 (1985), 113-136. MR0773576
35. N. S. Papageorgiou, On the efficiency and optimality of allocations. II, SIAM J.
Control Optim. 24 (1986), 452-479. MR0838050
36. N. S. Papageorgiou, Efficiency and optimality in economies described by coalitions,
J. Math. Anal. Appl. 116 (1986), 497-512. MR0842816
37. N. S. Papageorgiou, Random fixed point theorems for measurable multifunctions in
Banach spaces, Proc. Amer. Math. Soc. 97 (1986), 507-514. MR0840638
38. N. S. Papageorgiou, Convergence theorems for Banach space valued integrable mul-
tifunctions, Internat. J. Math. Math. Sci. (in press). MR0896595
39. H. Rosenthal, A characterization of Banach spaces containing l1, Proc. Nat. Acad.
Sci. U.S.A. 71 (1974), 2411-2413. MR0358307
40. M.-F. Saint-Beuve, On the extension of Von Neumann-Aumann’s theorem, J. Funct.
Anal. 17 (1974), 112-129. MR0374364
41. M.-F. Saint-Beuve, Some topological properties of vector measures of bounded varia-
tion and its applications, Ann. Mat. Pura Appl. 66 (1978), 317-379. MR0506985
42. G. Salinetti and R. Wets, On the relation between two types of convergence of convex
functions, J. Math. Anal. Appl. 60 (1977), 211-226. MR0479398
43. G. Salinetti and R. Wets, On the convergence of sequences of convex sets in finite
dimensions, SIAM Rev. 21 (1979), 18-33. MR0516381
44. M. Talagrand, Weak Cauchy sequences in L1(E), Amer. J. Math. 106 (1984), 703-
724. MR0745148
45. L. Thibault, Esperances conditionelles d’integrandes semi-continues, Ann. Inst. H.
Poincare´ Ser. B 17 (1981), 337-350. MR0644351
46. D. Wagner, Survey of measurable selection theorems, SIAM J. Control Optim. 15
(1977), 859-907. MR0486391
47. J. Warga, Optimal control of differential and functional equations, Academic Press,
New York, 1970. MR0372708
48. J. Neveu, Bases mathe´matique du calcut des probabilite´s, Masson, Paris, 1964.
Note: This list reflects references listed in the original paper as accurately as
possible with no attempt to correct errors.
c© Copyright American Mathematical Society 1989, 2016
